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Abstract:

Introduction: This study developed a hybrid fractional-order SEIR model with memory-dependent incidence to examine epidemic transmission
under historical exposure effects and intervention-driven regime switching.

Methodology: The model combined Caputo fractional derivatives with admissible convolution kernels, where the kernel mass Mgrepresents
cumulative transmission memory and the fractional order agoverns system-level temporal inertia. Analytical results established positivity,

boundedness, and well-posedness under non-negative initial conditions and admissible kernel assumptions. The basic reproduction number was

BMg

aBMy reducing to Ry = -~ in the closed-population case.

derived as: Ry = Gy

Results: This result showed that the epidemic threshold depends on transmission intensity £ and kernel properties My, whereas the fractional
order o mainly influences temporal evolution. Sensitivity analysis showed unit elasticities for fand M, inverse sensitivity to recovery rate y,
and limited threshold influence of the latent progression rate in closed populations. The hybrid switching analysis further indicated that
intervention regimes should be assessed through regime-specific reproduction numbers and dwell-time conditions.

Conclusion: The framework provided a mathematically grounded extension of classical SEIR models for diseases where delayed infectiousness,
environmental persistence, or prolonged memory effects influence epidemic dynamics.

Keywords: Fractional-order models, epidemic modeling, memory-dependent incidence, basic reproduction number, stability

analysis, hybrid model.
1. INTRODUCTION assuming that the evolution of each epidemiological
compartment depends exclusively on its current state [2]. While
such assumptions facilitate mathematical analysis and
interpretation, they overlook an important feature of real-world
epidemics: the influence of historical exposure and cumulative
transmission processes.

Mathematical models have long served as essential tools for
understanding infectious disease transmission and for
supporting evidence-based public health decision-making.
Classical compartmental frameworks, including the SIR and
SEIR models, have been widely employed to describe epidemic

dynamics and to identify key thresholds governing disease
persistence or elimination [1]. These models are typically
formulated using integer-order differential equations, implicitly

In many infectious diseases, particularly those characterized
by long incubation periods, delayed immune responses, or
prolonged infectiousness, the risk of infection cannot be
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adequately represented as an instantaneous interaction [3].
Instead, it is shaped by past contacts and exposure history
accumulated over time. This temporal dependence, commonly
referred to as a memory effect, represents a fundamental
limitation of integer-order models, which are inherently
memoryless and thus unable to capture long-range temporal
correlations in disease transmission.

The limitations of memory-free modeling approaches
became particularly evident during the COVID-19 pandemic.
Forecasts based solely on present-state dynamics often
underestimate epidemic persistence, fail to reproduce delayed
peaks, and inadequately represented the lagged impact of public
health interventions [4]. In many regions, infection levels
remained elevated despite stringent control measures,
highlighting the need for epidemiological models that explicitly
incorporate historical dependence. Fractional-order models
have emerged as a natural extension of classical approaches to
address this shortcoming. By employing derivatives of non-
integer order, fractional calculus intrinsically embeds memory
effects into dynamical systems, as the rate of change depends
on the entire past trajectory of the system, weighted by a suitable
kernel function [5]. This property makes fractional-order
formulations particularly well suited for epidemic modeling,
where transmission pressure and recovery dynamics often
reflect cumulative processes.

The inclusion of memory through fractional derivatives
enriches the modeling framework and enables a more faithful
representation of epidemic phenomena. For instance,
exponential-type kernels describe short-memory processes
dominated by recent exposures, whereas power-law kernels
account for long-term memory effects in which distant past
events continue to influence present dynamics [6]. Such
flexibility has proven valuable for capturing prolonged
epidemic tails, recurrent waves, and persistent infection patterns
observed in real data. However, epidemic transmission is rarely
governed by smooth dynamics alone. In practice, disease spread
is frequently disrupted by abrupt changes resulting from
interventions such as lockdowns, vaccination campaigns, travel
restrictions, or behavioral adaptations within populations [7].
These measures induce discontinuous changes in transmission
parameters, leading to hybrid dynamics in which multiple
regimes of disease spread coexist.

Motivated by these observations, hybrid epidemic models
incorporating regime switching have been proposed to represent
intervention-driven changes. Meanwhile, fractional-order
epidemic models have demonstrated improved performance in
fitting real-world data for diseases such as COVID-19 and
influenza [8—10]. Empirical studies have shown that fractional
formulations more accurately reproduce delayed epidemic
peaks, long-tailed decay, and intervention lag effects [11].
Applications to influenza dynamics further suggest that
fractional derivatives effectively capture seasonal recurrence
and memory embedded in contact networks [12, 13]. Despite
these advances, most existing studies have considered either

fractional-order models with fixed transmission structures or
hybrid integer-order systems without memory. A unified
framework combining fractional memory effects with hybrid
switching mechanisms remains largely unexplored. Moreover,
many studies emphasize numerical simulations while providing
limited rigorous analysis. In particular, the explicit influence of
memory kernel properties on epidemic thresholds has not been
systematically examined, and stability results are often derived
heuristically rather than through formal fractional stability
theory [14].

This study addresses these gaps by proposing a generalized
hybrid fractional-order SEIR model with memory-dependent
incidence and regime-switching transmission rates. The model
explicitly incorporates admissible memory kernels and
demonstrates how their total mass directly influences the basic
reproduction number, offering a quantitative characterization of
memory effects on epidemic thresholds. Using tools from
fractional calculus, including fixed-point arguments and
Matignon’s stability criterion, the analysis rigorously
establishes positivity, boundedness, and well-posedness of
solutions. An explicit expression for the basic reproduction
number is derived, clarifying its dependence on epidemiological
parameters and kernel properties while revealing independence
from the fractional order itself.

Beyond threshold analysis, the stability of both disease-free
and endemic equilibria is investigated within the fractional-
order setting. The results show that the fractional order
predominantly affects transient behavior and convergence rates,
whereas the memory kernel mass determines whether disease
persistence or eradication occurs. The hybrid switching
mechanism further enables the model to capture intervention-
induced parameter shifts, allowing stability regions to be
characterized symbolically and supported by qualitative
numerical illustrations. Sensitivity analyses and symbolic—
numerical examples demonstrate how memory effects and
interventions interact to shape epidemic outcomes.

The contribution of this study is intentionally positioned as
an analytical extension rather than a replacement of existing
epidemic modeling frameworks. The novelty lies in deriving an
explicit reproduction threshold for a memory-dependent
fractional SEIR system, showing that the basic reproduction
number depends on the total memory-kernel mass My, while the
fractional order agoverns transient growth, decay, and
persistence patterns. This separation between threshold
dynamics and transient dynamics provides a useful interpretive
distinction that is often implicit but not clearly formalized in
fractional epidemic models. The hybrid switching component
further enables intervention regimes to be represented through
regime-specific transmission rates and dwell-time assumptions,
thereby linking memory-dependent transmission to intervention
timing.

This work bridges rigorous mathematical analysis with
epidemiological relevance by providing a unified hybrid
fractional-order framework for memory-driven epidemics. The
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proposed model extends classical epidemic theory and offers
insights into the timing and effectiveness of interventions in
systems where historical dependence plays a dominant role. The
remainder of the paper is organized as follows. Section 2
introduces the necessary mathematical preliminaries. Section 3
presents the formulation of the hybrid fractional-order SEIR
model and establishes well-posedness. Section 4 examines
positivity, boundedness, and equilibrium structure. Section 5
derives the basic reproduction number, while Section 6 analyzes
stability using spectral methods and fractional stability theory.
Section 7 provides sensitivity analysis and illustrative
examples. Section 8 discusses theoretical implications, policy
relevance, and limitations, and Section 9 concludes the paper
with a summary and directions for future research.

2. MATHEMATICAL PRELIMINARIES

2.1. Fractional Calculus: Caputo and Riemann-Liouville
Derivatives

Fractional calculus generalizes the concept of differentiation
and integration from integer orders to arbitrary real or even
complex orders. Among several possible definitions, the Caputo
and Riemann—Liouville derivatives are the most widely used in
modelling physical and biological processes [15]. For a
sufficiently smooth function f(t), the Caputo derivative of
order a € (0,1] is defined as (Eq. 2.1):

1

_ t '™
DEf(®) =tz Jo tmpe 4T

Q.1

where I'(+) is the Euler gamma function [16]. This definition
has the advantage of requiring initial conditions in the same
form as classical integer-order derivatives, making it
particularly suitable for epidemiological modelling. In contrast,
the Riemann—Liouville derivative is expressed as:

The Riemann—Liouville derivative of order a, where n —
1 < a < n, is defined as (Eq. 2.2):

1 dan
r(n—-a) dtm

REDEF(E) = L= f@dr. (22)

Unlike the Caputo derivative, the Riemann-Liouville
formulation often leads to initial conditions expressed in terms
of fractional integrals, which are less direct for epidemiological
interpretation. The Laplace transform expressions are valid for
functions of exponential order whose Caputo derivatives and
convolution integrals exist on the considered time interval.

which often leads to initial conditions expressed in
fractional integrals, a feature that complicates biological
interpretation [17]. The Caputo definition is therefore preferred
in the current study, as it allows us to specify initial numbers of
susceptible, exposed, infected, and recovered individuals,
consistent with epidemiological practice.

The key feature of both derivatives is their non-locality.
Unlike integer-order differentiation, where the derivative at a
point depends solely on local behavior, fractional derivatives
depend on the entire history of the function. This historical

dependence introduces memory into the system, which is
central to the motivation of this research.

2.2. Convolution Operators and Memory Kernels

The non-local property of fractional derivatives can be
formally expressed through convolution operators. Let K, (t) be
a non-negative kernel function parameterized by . The
convolution of K with a function I(t) is given by (Eq. 2.3):

(Ko = D(®) = 5 Ko(t = DI@)dr.

In epidemic models, this convolution plays the role of
memory-dependent incidence, as it weights past infectious
individuals by the memory kernel. The total mass of the kernel,
defined as (Eq. 2.4):

2.3)

[ee)

My = fo Ky(s)ds, 24

quantifies the cumulative influence of past infections.
Although kernel mass summarizes cumulative historical
infectiousness, it should not be interpreted as identical to all
memory effects. Its direct mathematical role is to scale the
integrated transmission contribution and therefore influence the
reproduction threshold. In contrast, the kernel shape determines
temporal characteristics such as peak timing, persistence, and
decay behavior. The interpretation of My depends on the kernel
family. For an exponential kernel, the mass is finite and reflects
short-term memory with rapid decay, while a power-law kernel
yields heavier tails, indicating long-lasting memory where even
distant past exposures affect current transmission. This
flexibility enables models to capture fast-decaying and
persistent memory effects, aligning the mathematics more
closely with observed epidemiological data.

Admissible kernels in fractional epidemic models include

exponential functions of the form Ky(s) = Ae™*, power-law
-9
kernels Ky(s) = r(s1— > and Mittag—Leffler kernels that

interpolate between exponential and power-law behaviours.
Each family corresponds to a different epidemiological
interpretation. Exponential kernels approximate diseases where
recent contacts dominate infection probability [18], while
power-law kernels describe diseases with long incubation
periods or recurrent exposures [19]. The Mittag—Leffler kernel
provides a flexible framework for capturing both intermediate
and complex memory behaviors, making it particularly relevant
for hybrid fractional models [14].

2.3. Laplace Transform Properties and Analytical Tools

Fractional calculus analysis often relies on the Laplace
transform, as it provides tractable forms for both Caputo
derivatives and convolution operators. The Laplace transform
of the Caputo derivative of a function f (t) with initial condition

f(0) = f, is (Eq. 2.5):
LIDEf()}(s) = s7f(s) = s* = 1f,

where f(s) denotes the Laplace transform of f(¢) [20]. This
relationship enables the transformation of fractional differential

@.5)
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equations into algebraic equations in the Laplace domain, which
are often more amenable to stability and spectral analysis.

Another essential tool is the convolution theorem, which
states that the Laplace transform of a convolution is simply the
product of the Laplace transforms of its components. For a
kernel K4 and an incidence function I(t), (Eq. 2.6):

L{(Ky * ()} () = Ky(s) - 1(5).

This property simplifies the analysis of memory-incidence
terms and allows explicit dependence of system stability on the
kernel mass and its spectral properties. In addition, Gronwall-
type inequalities for fractional systems are frequently employed
to establish bounds on solutions and to prove positivity and
boundedness [21].

2.4. Stability Criteria in Fractional Systems

2.6)

The analysis of stability in fractional-order systems requires
specialized tools because the classical criteria used in integer-
order systems do not directly apply. A key result is Matignon’s
theorem, which provides a criterion for the asymptotic stability
of linear fractional-order systems [22]. According to this
theorem, consider a linear system Dfx(t) = Ax(t) with a €
(0,1]. The system is asymptotically stable if and only if the
eigenvalues A of the matrix A satisfy (Eq. 2.7):

larg(1)| > “2—” (2.7)

This criterion highlights the effect of fractional order on
stability regions. Unlike integer-order systems, where stability
depends on whether eigenvalues lie in the left half-plane,
fractional systems require eigenvalues to lie outside a sector
whose angle depends on a. This dependence reveals how
memory effects influence the resilience of equilibrium states,
making fractional stability analysis more nuanced than classical
methods.

2.5. Functional Spaces and Well-Posedness

A rigorous analysis of fractional-order epidemic models
necessitates the precise specification of the functional spaces in
which solutions are defined. Typically, solutions are sought in
appropriate Banach spaces of continuous or integrable functions
over non-negative time intervals, where the associated norms
are designed to capture the inherent nonlocality of fractional
differential operators. The existence and uniqueness of
solutions are commonly established by applying fixed-point
techniques, most notably Banach’s contraction principle, within
these functional settings [23].

Moreover, ensuring the epidemiological validity of the
model requires that all state variables remain biologically
meaningful throughout the evolution process. In particular, the
non-negativity and boundedness of the susceptible, exposed,
infectious, and recovered populations must be rigorously
guaranteed. By employing fractional comparison principles
together with suitably chosen admissible kernels, it can be
shown that the model solutions remain confined to a positively
invariant and bounded region for all time. These mathematical
properties are not only essential from a theoretical standpoint

but also fundamental for preserving the biological
interpretability and reliability of the proposed epidemic model.

2.6. Kernel Families and Epidemiological Interpretation

Different classes of memory kernels influence not only the
analytical behavior of fractional-order epidemic systems but
also their epidemiological interpretation. Exponential-type
kernels, characterized by a finite memory mass, are well-suited
for modeling diseases such as seasonal influenza, where
transmission dynamics are primarily governed by recent
exposure events [24]. In contrast, power-law kernels with heavy
tails are capable of capturing long-term memory and persistence
effects, which are particularly relevant for diseases with
complex immune responses, such as tuberculosis or viral
infections exhibiting prolonged latency periods. Mittag—Leffler
kernels provide an intermediate description between these two
extremes, allowing for a gradual decay of memory and
accommodating more intricate temporal dependencies observed
in real-world epidemiological data.

The ability to flexibly select the kernel function within the
fractional-order framework constitutes a major advantage of
this modeling approach. It enables the formulation of disease-
specific models that faithfully represent diverse memory
mechanisms while preserving analytical tractability and
mathematical generality.

3. MODEL FORMULATION
3.1. Compartmental Design

The proposed framework is built upon a classical
compartmental structure that partitions the total population into
four mutually exclusive classes: susceptible S(t), exposed E (t),
infectious I(t), and recovered R (t). This SEIR configuration is
particularly appropriate for infectious diseases characterized by
a non-negligible incubation period, during which individuals
are infected but not yet capable of transmitting the disease.
Throughout the considered time horizon, the total population is
assumed to remain constant, implying that births and natural
deaths are either balanced or negligible relative to disease-
driven dynamics. Although this assumption simplifies the
model formulation, it is standard in mathematical
epidemiology, especially when the primary objective is to
isolate and analyze the impact of memory effects on
transmission processes rather than demographic variations.
Extensions incorporating vital dynamics can be accommodated
within the proposed framework; however, such additions would
complicate the analysis without fundamentally altering the core
mathematical insights related to memory-dependent
transmission [25]. This fractional formulation inherently
incorporates memory effects, ensuring that the rates of new
infections, disease progression, and recovery at time tdepend
not only on the current state of the system but also on the
cumulative history of the epidemic up to time t.

The use of both Caputo fractional derivatives and an explicit
convolution kernel do not imply a duplication of the same
memory mechanism. In the proposed framework, the Caputo
derivative represents system-level memory, meaning that the
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rates of change of epidemiological compartments depend on the
past trajectory of the state variables. This captures inertia in
disease progression, recovery, and relaxation toward
equilibrium. By contrast, the convolution kernel Kgyrepresents
transmission-specific memory, meaning that present infection
pressure depends on the weighted history of infectious
individuals. Epidemiologically, this may reflect delayed
infectiousness, environmental persistence, repeated exposure,
or reporting delay. Thus, acontrols the temporal response of the
compartmental system, whereas Ky and its mass My control the
accumulated force of infection. This distinction explains why
Myenters the reproduction threshold, while aprimarily affects
transient dynamics.

3.2. Memory-Dependent Incidence

The key novelty of the present model lies in the formulation
of incidence, that is, the rate at which susceptible individuals
become exposed due to contact with infectious individuals. In
classical models, the incidence is typically given by BS(t)I(t),
where 8 denotes the transmission coefficient. This formulation
assumes that the force of infection depends solely on the current
number of infectious individuals. In contrast, the proposed
model incorporates memory by defining the incidence function
as a convolution of the infectious population with a kernel K.
Specifically, the infection pressure at the time t is given by
(Eq. 3.1):

A(t) = BNS(t) [, Ko(t — DI(1)dx, 3.1)

Where, N is the total population, and Ky represents an
admissible memory kernel that weights past infections. The
biological interpretation is that the infection risk faced by
susceptible individuals is not simply proportional to the number
of currently infectious persons but instead reflects a weighted
accumulation of all individuals who were infectious in the past,
with the weighting determined by the kernel.

This formulation captures a wide range of epidemiological
realities. For example, in diseases where recent exposure
dominates, an exponential kernel ensures that the influence of
past infections decays rapidly. Conversely, in diseases where
prolonged contact or environmental persistence of pathogens is
relevant, a power-law kernel reflects the enduring effect of older
infections [26]. The inclusion of kernel mass My provides a
measure of the cumulative influence of past exposures on
present dynamics and plays a crucial role in determining the
reproduction number and stability conditions.

For consistency, the notation used throughout the paper is
fixed as follows. The parameter gdenotes only the biological
progression rate from the exposed class to the infectious class.
The switching signal is denoted by q(t), not by o. The
transmission rate under regime j is denoted by f;, while the
time-varying transmission rate is denoted by B(t) = By
Thus, when the system operates in regime j, the corresponding

reproduction number is written as R((,j ). This notation is used
consistently in the model equations, stability analysis and
sensitivity discussion.

The hybrid structure is described through a switching signal
q(t). Let q(t):[0,0) - J={1,2,..,m}, where q(t)=
j indicates that the epidemic system is operating under an
intervention regime j. Each regime is associated with a
transmission coefficient f; > 0, so that the time-dependent
transmission rate is written as (t) = f4(). The symbol o >

Ois reserved exclusively for the exposed-to-infectious
progression rate and is not used to denote switching. The dwell
time of a regime is the duration for which q(t) = jremains
active before switching to another regime. Accordingly, all
regime-specific threshold quantities are written as R[(]J),
computed using f;.

3.3. Hybrid Fractional Formulation

While fractional-order derivatives and convolution kernels
embed memory into the epidemic system, real-world disease
spread is also subject to abrupt changes arising from
interventions. Public health measures such as lockdowns, social
distancing mandates, vaccination campaigns, or behavioral
changes in the population effectively alter the transmission rate
over time [27]. To capture this feature, the present model allows
the transmission coefficient 8 (t) to vary in a piecewise constant
manner, representing different regimes of disease spread. For
example, a high value of f may correspond to periods of
unrestricted contact, while a lower value corresponds to phases
when strict measures are enforced.

This hybrid formulation combines two dimensions of
realism: fractional-order derivatives for memory effects and
hybrid switching structures for intervention-induced dynamics.
Formally, the state equations are expressed as (Eq. 3.2, 3.3, 3.4,
3.5):

DES(t) = —A(t), (3.2)
DEE(t) = A(t) — oE(t), (3.3)
DEI(t) = aE(t) — yI(t), (3.4)
DER(t) = yI(¢), (3.5)

where o represents the rate at which exposed individuals
become infectious, and y is the recovery rate. The incidence
A(t) is defined as above, incorporating both the fractional
structure and the kernel convolution. The inclusion of B(t) as a
piecewise-constant function introduces hybrid behavior into the
system and represents sudden changes in transmission
conditions caused by interventions, policy shifts, or population-
level behavioural responses.

3.4. Conditions for Well-Posedness

A critical requirement for any epidemic model is that it be
biologically and mathematically well-posed. This means that
solutions should exist, be unique, and remain within
epidemiologically meaningful bounds forever. In the present
context, this translates into three conditions: positivity,
boundedness, and admissibility of kernels.

Positivity ensures that population compartments cannot
assume negative values, which would be biologically
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meaningless. This property can be established using fractional
comparison principles, which extend classical comparison
results to fractional differential equations. These principles
guarantee that if initial conditions are non-negative, the
solutions remain non-negative for all subsequent times.

Boundedness requires that the total population not grow
unboundedly. Since the system is closed and no new individuals
are introduced beyond the initial total population, construction
satisfies boundedness. However, the rigorous proof employs
Gronwall-type inequalities adapted to fractional systems, which
show that the sum S(t) + E(t) + I(t) + R(t) = N is preserved
under the dynamics.

The admissibility of kernels requires that Ky is non-
negative, integrable, and possesses a finite or controlled mass
My . These properties ensure that the memory-incidence term is
mathematically well-defined and biologically interpretable. In
particular, the integrability of Ky guarantees that the

convolution fot Ky (t — t)I(7)dr is finite for bounded I(t). The

choice of admissible kernels is thus central to establishing the
well-posedness of the model.

3.5. Interpretation and Relevance

The proposed formulation extends the classical SEIR
framework in two fundamental directions. First, it introduces
fractional-order dynamics, thereby embedding memory effects
directly into the epidemic evolution equations. This formulation
reflects the realistic observation that infection and recovery
processes are influenced not only by the current
epidemiological state but also by accumulated past exposures.
Second, the model incorporates hybrid regime switching to
capture the discontinuous and policy-driven nature of real-
world public health interventions. Together, these features yield
a flexible and realistic modeling framework that surpasses the
descriptive capabilities of both conventional integer-order
models and fractional-order models lacking regime-switching
mechanisms.

From a theoretical perspective, the model provides a
systematic platform for examining the interaction between
memory effects and intervention strategies in determining
epidemic thresholds, stability properties, and long-term
behavior. From an applied standpoint, it offers insights into how
public health policies may interact with intrinsic memory
mechanisms in disease transmission, thereby modulating
intervention effectiveness. For instance, the introduction of a
lockdown during periods when the memory kernel exhibits
substantial cumulative mass, indicating strong persistence of
past infections, may lead to markedly different epidemic
outcomes than an intervention implemented under weaker
memory conditions. Such observations underscore the
importance of accounting for memory effects when designing
timely and effective epidemic control strategies. To clarify the
computational and analytical sequence of the proposed hybrid
fractional-order memory-dependent SEIR framework, Fig. (1)
presents the stepwise workflow of the model. The algorithm
begins with the input of epidemiological parameters and the
selection of an admissible memory kernel. The kernel mass
Myis then computed to quantify cumulative transmission
memory. Next, the hybrid switching signal is defined to

represent intervention regimes, followed by the construction of
the memory-dependent incidence function. The fractional SEIR
system is then solved numerically, and regime-specific
reproduction numbers are calculated. Finally, stability
conditions, sensitivity analysis, and epidemiological outputs are
generated.

As shown in Fig. (1), the proposed framework links kernel
selection, hybrid switching, fractional numerical solution,
reproduction-number computation, stability assessment, and
sensitivity analysis within a single structured workflow.

3.6. Computational Complexity of the Proposed Algorithm

The computational cost of the proposed hybrid fractional
memory-dependent SEIR algorithm is mainly determined by
the evaluation of the fractional derivative and the convolution-
based memory incidence. Let ndenote the number of time steps,
mthe number of switching regimes, and d = 4 the number of
epidemiological compartments. In a direct time-stepping
implementation, the Caputo fractional derivative requires
storing and summing historical state values, which gives a
computational cost of 0(dn?)over the full simulation horizon.
Similarly, direct evaluation of the convolution term (K *
I)(t) at each time step requires summation over all previous
infectious states, resulting in O(n?) time complexity and
0(n) memory complexity.

The hybrid switching component introduces only a minor
additional cost. If the switching signal q(t)is pre-defined,
determining the active transmission regime at each time step
requires O(n)operations. Therefore, the overall direct
implementation has time complexity O(n? + mn), which is
dominated by the fractional-memory and convolution
calculations. Since m « nin most epidemic simulations, the
effective complexity is O(n?). The memory requirement is
0(dn + n), which simplifies to 0(n).

For exponential kernels, the convolution can be updated
recursively, reducing the convolution cost from 0(n?)to 0(n).
For general kernels, fast convolution methods based on FFT or
sum-of-exponentials approximation may reduce the cost to
approximately O(n logn) or near-linear complexity. Therefore,
the proposed algorithm is computationally feasible for moderate
epidemic time horizons, but long-horizon simulations with
heavy-tailed kernels may require accelerated memory
approximation techniques.

4. ANALYTICAL PROPERTIES

4.1. Positivity and Biological Feasibility

A fundamental requirement of any epidemic model is that
its solutions remain biologically meaningful. In particular, the
compartments representing susceptible, exposed, infectious,
and recovered individuals must remain non-negative for all
time. Negative compartment values violate biological
feasibility; therefore, positivity preservation is a fundamental
mathematical requirement in compartmental epidemic models.
This property is established through comparison principles
adapted to fractional differential equations in the hybrid
fractional-order framework.
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Input epidemiological parameters
ﬁj’ 0,7, K, &, SO, EO, IO’ ROs T, h

v

Select admissible memory kernel
Choose exponential, tempered power-law, or Mittag—Leffler kernel.

Y

Compute kernel mass
My = f0°° Kg(s) ds

v

Define hybrid switching signal

Set g(t), switching times ¢;, dwell times, and regime-specific f;.

v

Construct memory-dependent incidence
A(t) = ByryS(t) (Kg * I)(t)

v

6

Solve fractional SEIR system numerically

Use fractional Adams-Bashforth-Moulton or predictor-corrector scheme.

v

Compute regime-specific reproduction number
(o} ﬁ i M K

(u+o)(pt+y)

RY) —

v

Check stability conditions

Apply fractional stability criterion and hybrid dwell-time interpretation.

v

Perform sensitivity analysis
Evaluate elasticities of R, with respect to B, Mg, o, 7, .

v

Generate outputs
Report S, E, I, R trajectories, peak infection, peak time,

persistence duration, Ré’ ) , and sensitivity results.

Fig. (1). Stepwise flowchart of the proposed hybrid fractional-order memory-dependent SEIR algorithm.
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Consider the system formulated in Section 3, with initial
conditions S(0) =0, E(0) = 0, 1(0) = 0, and R(0) = 0. The
right-hand sides of the differential equations are non-negative
whenever the compartments are non-negative, except for the
susceptible equation, where the derivative is non-positive. This
ensures that susceptible individuals decrease but never become
negative. The fractional comparison principle guarantees that if
the initial state is non-negative, then the trajectory remains
confined to the non-negative orthant of R*.

To illustrate, the derivative of S(t) satisfies (Eq. 4.1):

DES(t) = —A(t) < 0, @.1)

which implies that S(t) is monotonically decreasing but
bounded below by zero. Similarly, the derivative of E(t)
satisfies (Eq. 4.2):

DFE(t) = A(t) — oE(0), 4.2)

where A(t) = Orepresents the non-negative memory-
dependent infection pressure. Thus, when E(t) =0, the
exposed compartment cannot cross into negative values because
the inflow term remains non-negative and the outflow term
vanishes.

4.2. Boundedness and Population Conservation

In addition to positivity, it is essential to demonstrate that
the solutions remain bounded within the total population. The
system's boundedness follows from the population
conservation, since no births or natural deaths are considered in
the current formulation. Let N(t) =S(t) + E(t) +1(t) +
R(t). Adding the four equations of the system gives: (Eq. 4.3):
DEN(t) = DES(t) + DFE(t) + DEI(t) + DFR(t) = 0. (4.3)

This implies that N (t) remains constant in time, equal to the
initial population N (0). Thus, the feasible region for the system
is the simplex (Eq. 4.4):

Q={(S,E,LR)ERY:S+E+1+R=N(0)} 44

The boundedness of the model is therefore guaranteed by
construction: each compartment remains between zero and the
total population, while their sum is invariant. This result is
mathematically rigorous and critical for ensuring

epidemiological realism, as populations cannot grow
unboundedly in a closed system.

4.3. Existence and Uniqueness of Solutions

Let X;=C([0,T],Q) denote the Banach space of
continuous vector-valued functions defined on [0'T] with
values in the feasible region  [28]. This space is equipped with
the supremum norm (Eq. 4.5):

I x o= sup Il x(®) I
]

te[o,T

(4.5)

The Caputo fractional-order system can be rewritten as the
equivalent Volterra integral equation (Eq. 4.6):

1t )
(Tx)(t) = x + mfo (t—s)*1F(s,x(s))ds (4.6)

where Fdenotes the full vector field of the hybrid fractional
SEIR system and T'is the associated integral operator. Assume
that Fis Lipschitz continuous on the feasible region (). Since the
incidence term contains the convolution k * I, the admissibility
of the kernel gives (Eq. 4.7):

|| k = (11 - 12) IIOOS Mk " 11 - 12 ”oo (47)

Where,

M, = fwk(s) ds
0

is the total mass of the memory kernel. Hence, the memory-
dependent incidence term remains bounded and Lipschitz on Q.
Let Lo > 0 denote the resulting Lipschitz constant of the full
vector field on £, including the contribution of the convolution
term.

For any x,y € Xy, the induced operator estimate is

t
I Tx =Ty < sup]f (t—5)*1x(s) —y(s) Il ds
0

Lo
['(@) tefor
Using the supremum norm, this becomes, (Eq. 4.8):
LaT®
—TY < ———
N CE))
Define the contraction coefficient,
_ LaT®
T=T@+1)
Therefore, T is a contraction whenever, (Eq. 4.9):
I'(a+ 1))
Lq

Il Tx Ix—=yllo 4.8)

1/a

q < 1, or equivalently T < ( (4.9)

Under condition (Eq. 4.9), Banach’s fixed-point theorem
guarantees a unique local solution on [0, T]. For longer time
intervals, the solution can be extended stepwise over
subintervals satisfying the same contraction condition. Since
positivity and boundedness keep the solution inside the
invariant feasible region (), the local solution can be continued
globally. Thus, the proposed hybrid fractional SEIR system is
well posed under non-negative initial conditions and admissible
kernel assumptions [29, 30].

4.4. Disease-Free Equilibrium

The Disease-Free Equilibrium (DFE) represents the state
where the infection is absent, and the population consists
entirely of susceptible individuals. In the present model, the
DFE is given by (Eq. 4.10):

EO = (S*IE*II*FR*) = (Nl OPOI 0) (410)

At this equilibrium, the incidence A(t) vanishes since there
are no infectious individuals to sustain transmission. The
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stability of this equilibrium, which will be discussed in Section
6, is determined by the basic reproduction number R. If Ry <
1, the DFE is stable, meaning that small perturbations, such as
the introduction of a few infected individuals, will not lead to
an outbreak. Conversely, if Ry > 1, the DFE becomes unstable
and the epidemic may persist.

The derivation of the DFE within the fractional and hybrid
framework confirms that memory and switching do not
eliminate the classical epidemic threshold phenomenon, though
they do modify the conditions under which it occurs. This
reflects the robustness of the threshold concept across
modelling frameworks.

4.5. Endemic Equilibrium

In addition to the disease-free equilibrium, the model may
admit an endemic equilibrium E*, where infection persists at a
positive level. At this steady state, the infection subsystem
satisfies the following balance conditions (Eq. 4.11):

N =0E", cE*=vyI", I">0 (4.11)

These relations show that, at equilibrium, the rate at which
susceptible individuals enter the exposed class is balanced by
the progression rate from the exposed class to the infectious
class, while the infectious class is balanced by recovery.
Substituting these equilibrium balance relations into the
memory-dependent incidence definition yields endemic-state
quantities expressed in terms of the transmission rate, exposed-
to-infectious progression rate, recovery rate, and kernel mass
M.

The feasibility of the endemic equilibrium requires all
epidemiological compartments to remain positive and is
governed by the threshold condition R, > 1. When this
condition holds under the stated admissibility assumptions, a
biologically meaningful endemic equilibrium may exist.
Conversely, when Ry, < 1, the infection cannot sustain itself
and the disease-free equilibrium remains the relevant long-term
state. The stability of the endemic equilibrium is examined later
through the corresponding linearized system and fractional-
sector stability conditions.

5. BASIC REPRODUCTION NUMBER R,
5.1. Linearization At the Disease-Free Equilibrium

We derive R, for the hybrid fractional SEIR model with
memory-dependent incidence by linearizing the infection
subsystem around the disease-free equilibrium (DFE). As in
Section 3, let S(t), E(t),I(t),R(t) denote the compartment
sizes and let the incidence be (Eq. 5.1):

A(t) = BS() [, Ko (t — DI(D)dr, (5.1)

with an admissible kernel Ky of mass My = fom Ky(s) ds.
For notational clarity in the derivation, it is convenient to work
. . . s E . I R
with normalized fractions s ==,e =—,i = —,r = — so that
N N N N

s+e+i+r =1, and to absorb any constant N into f when
needed. Hybrid switching of S(t) is present in the full model,

but R, is defined per constant regime, so we begin with S(t) =
B in a fixed phase. The infected subsystem (e, i) near the DFE
(s*,e* i*,r*) = (1,0,0,0) is then (Eq. 5.2, 5.3):

Dfe(t) = By Ko(t = Di(@dr — (u+0)e(®),  (5.2)

Dfi(t) = ae(t) — (u+y)i(t), (5.3)

where o is the progression rate from exposed to infectious,
y is the removal or recovery rate from infectious, and y is an
optional natural removal rate. Sections 3 and 4 analysed the
closed population case with u = 0; we include u here to present
the general formula and later specialize in 4 = 0.

5.2. Laplace-Domain Derivation and The Threshold

Equation

The next-generation threshold can be obtained cleanly in the
Laplace domain. Take Laplace transforms of the linearized
system with zero initial conditions, which is appropriate when
computing the response to an infinitesimal introduction of
infection at the DFE. Using f(s) = L{f(t)}(s) and
L{DF f}(s) = s*f(s) for zero initial data, and writing Ky (s) =
L{Ky}(s), we obtain (Eq. 5.4, 5.5, 5.6):

s*é(s) = BKy()i(s) — (u + 0)é(s), (5.4)
s*i(s) = gé(s) — (u + y)i(s). (5.5)
Eliminating é(s) gives

(5" +u+y)(s* +p+0)i(s) = oBKy(s)i(s). (5.6)

A nontrivial solution requires the characteristic equation
(Eq. 5.7):

(" +u+y)(s*+u+0) =aBKy(s). (5.7)

The early growth or decay of small perturbations is
governed by roots s with R(s) > 0 when the right side is large,
or R(s) < 0 when it is small. The reproduction threshold is
identified at the point where the dominant root crosses the
imaginary axis. Evaluating at s =0 exploits Ky(0) =
) 000 Ky(s) ds = My and yields the threshold condition (Eq. 5.8):

Ww+v)u+o)=0BM. (5.8)
Define as (Eq. 5.9a):

_ __0BMg
Ro = Growm (5.9a)

The resulting reproduction number shows that the epidemic
threshold is governed by the combined effect of transmission
intensity, cumulative memory and removal processes. In the
closed-population case, the expression reduces to (Eq. 5.9b):

R, = B

g (5.9b)
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This formula recovers the classical SEIR threshold when
Mg = 1. The fractional order « influences trajectory-level
characteristics while remaining absent from the threshold
expression. Thus, the kernel mass My controls threshold
amplification, whereas acontrols temporal inertia.

5.3. Interpretation Through The Next-Generation Operator

The same formula arises from an intuitive next-generation
argument that clarifies the epidemiological meaning of each
factor. Consider a single newly infected individual entering the
exposed compartment at time zero in a fully susceptible
population. The probability that this individual progresses from

E to I rather than being removed naturally is ﬁ Conditional

on entering I, the expected time spent infectious before removal
is u_jry During the time in I, the instantaneous force of infection

applied to the susceptible is 8 (K * i)(t). Integrating over time
and invoking the convolution identity | Ow (Kg *)(t) dt =

My fooo i(t) dt leads to an expected total infectious “weight”

equal to My times the area under the infectious trajectory.
Multiplying these factors yields (Eq. 5.10):

1

Ry =B X Mg X :
0 ,B K uty

o (5.10)

which matches the Laplace-domain result. This
decomposition shows that R, is the product of a contact-
transmission factor f, a memory amplification factor My, a
progresswn probability —, and a mean infectious residency
—_ The fractional ordef’ @ governs how quickly these events
ﬁn]fold in time, but does not change their probabilities and
expected totals at the linear threshold, which explains its
absence from R,.

5.4. Specialization, Limiting Cases, and Hybrid Regimes

In the closed population case analyzed in Sections 3 and 4,
set 4 = 0. The formula reduces to (Eq. 5.11):
BMg
Ry = o
which is the classical SEIR threshold scaled by the kernel
mass. The latent rate o drops out because, in the absence of
natural attrition in the exposed state, all exposed individuals
ultimately progress to }nfectious and contribute the same
expected infectious time —; o changes the generation timing but
not the count of secondgry infections at the threshold. If the
kernel is exponential Ky (s) = Ae ™%, then M = 1 and memory
does not alter R; in this case, memory affects only the temporal
filtering of incidence. For heavy-tailed families such as power-
law or Mittag—Leffler kernels with finite mass, My > 1
effectively inflates the threshold by increasing the integrated
weight of past infectiousness. This captures the intuitive idea
that persistent memory in transmission amplifies the cumulative
opportunity for new infections.

(5.11)

Hybrid switching of B(t) across regimes {Bj] produces
regime-specific reproduction numbers (Eq. 5.12):

0 _ __9BiMk

0 T (uro(uty)’ (5.12)

10

These regime values are the natural quantities to report for
interventions that change contact intensity in discrete phases.
They serve as inputs to the stability analysis under switching in
Section 6, where the combined effect of alternating regimes is
assessed using fractional stability tools. In particular, the DFE
can remain stable even if some phases have R(()] ) > 1, providing
the overall switching pattern and dwell times places the
linearized spectrum in the appropriate fractional stability sector.

5.5. Relation to Initial Growth and to The Fractional Order

The reproduction number for the proposed memory-
dependent fractional SEIR system is (Eq. 5.13):

aBMk

(T G-13)

Ry =

The threshold expression in Eq. (5.13) provides the
reproduction criterion used in the stability analysis that follows.
Initial growth or decay is determined by the roots of the
Laplace-domain characteristic equation, while trajectory-level
features such as peak timing and relaxation speed are assessed
through the fractional response of the system. Thus, (Eq. 5.13)
is used as the threshold condition, whereas the characteristic
equation provides the basis for interpreting early epidemic
kinetics.

5.6. Summary and Implications

The basic reproduction number for the hybrid fractional
SEIR model with memory-dependent incidence is (Eq. 5.14):

afMk

o i) (general case), Ry =

R0:
BMk

(closed population, u = 0). (5.14)
It is determined by a contact-memory factor S My divided
by the product of removal rates in the exposed and infectious
stages, with a progression factor o when ¢ > 0. The fractional
order a primarily influences transient kinetics around the
threshold. This separation is useful for analysis and for policy
interpretation. Memory acts as a transparent multiplier through
My, so comparing two admissible kernel families amounts to
comparing their masses, while their shapes are reflected in
transient observables rather than in the threshold. These
observations will be carried into Section 6, where the stability
of both DFE and endemic equilibria is established in the
fractional setting and extended to the hybrid switching case.

6. STABILITY ANALYSIS
6.1. Local Stability of The Disease-Free Equilibrium

The local stability of the disease-free equilibrium is assessed
by applying fractional stability theory to the linearized infection
subsystem. Because the memory-dependent incidence
introduces a Volterra convolution term, the resulting
characteristic relation is obtained in the Laplace domain and
interpreted under the stated admissibility assumptions on the
kernel. Linearizing the infection subsystem (e, i) around the
DFE and keeping s(t) = 1 yields as (Eq. 6.1 & 6.2):

Dfe(t) = B [} Ko(t — D)i()dr — (u+ 0e(t),  (6.1)
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Di(t) = ge(t) — (u +p)i(t), (6.2)

with @ € (0,1]. Taking Laplace transforms under zero initial
conditions—appropriate for assessing the response to an
infinitesimal perturbation at the DFE—and writing f(s) =
L{f()}(s) and Ky(s) = L{Ky}(s), we obtain (Eq. 6.3 & 6.4):

s98(s) = PRy (s)i(s) — (u + 0)&(s), (6.3)

s*i(s) = gé(s) — (u + y)i(s). (6.4)

Eliminating é(s) provides the characteristic equation,
(Eq. 6.5):

D(s) = (s +u+y)(s*+u+o)—afKy(s) =0. (6.5)

The DFE is locally asymptotically stable when all roots s of
®d(s)=0 lie in the fractional stability  sector

{S € C: | arg(s) |> 0;—”}, by Matignon’s criterion for linear

fractional systems. Evaluating at s = 0 uses Ky(s) = Mg and
gives the threshold inequality as (Eq. 6.6):

gBMk

— < 1.
(u+o)(u+y) <

Ww+nu+o)>acpMy R, = (6.6)

In the closed population case (u = 0), the threshold reduces

to Ry = ﬁ% The fractional order a does not appear in Ry; it

shapes the transients’ growth and decay are Mittag—Leffler
rather than exponential, without altering the linear threshold.
The complete monotonicity of admissible kernels and the
positivity of the linearized infection subsystem support the use
of a threshold-based stability condition. However, because the
convolution term leads to a fractional Volterra-type
characteristic equation rather than a purely finite-dimensional
fractional matrix system, the condition R, < 1is interpreted
here as a sufficient stability criterion under the stated kernel
admissibility and sector-boundedness assumptions. A fully
general root-location theorem for all admissible kernels would
require a separate spectral analysis and is therefore not
overstated in the present study.

6.2. Global Stability of The Disease-Free Equilibrium for
Ry <1

Beyond local analysis, sufficient conditions for global
convergence of the DFE on the feasible set (2 can be established
under the stated admissibility hypotheses and comparison
assumptions. Write the infection subsystem in Volterra form
using the fractional resolvent (Eq. 6.7 & 6.8):

e(t) = Egq (—(u + 0)tNe(0) + [, (t — )4 Eg o (—(u +
o)t — DB Ky * ) (D)dr, 6.7)

i(8) = Ega (=(u +1)ti(0) + 0 [t =) Eg g
(=(u+0)(t —1)9e(r)dr,

with Mittag—Leffler kernels E, g. Using nonnegativity of all
kernels and the fractional Gronwall inequality yields a

(6.8)

11

comparison system driven by the linear convolution inequality
whose Laplace symbol is exactly ®(s). When R, < 1, the
resolvent is sector-stable under the imposed kernel assumptions,
providing convergence of the infection subsystem. At the
threshold Ry = 1, the decay behaviour requires additional
analysis because the dominant spectrum depends on the specific
kernel structure. Therefore, the present result should be
interpreted as a sufficient stability condition rather than a
universal theorem for all admissible kernels. Since s(t) is
nonincreasing and bounded below by 0 and r(t) is
nondecreasing and bounded above by 1, the full state converges
to (1,0,0,0).

6.3. Local Stability of The Endemic Equilibrium for Ry > 1

Using the same admissibility assumptions on Ky, the
endemic-equilibrium linearization suggests local sector stability
when the characteristic roots remain outside the fractional
instability sector. The resulting condition should be understood
as a local sufficient condition supported by the Laplace-domain
formulation and the sign structure of the linearized infection
block. This avoids claiming a universal global result for all
admissible kernels and all switching patterns. To assess local
stability, linearize the full system at the EE. The Jacobian has
the block form (Eq. 6.9):

_asA* 0 _aIA* 0

. | 0N —0o ;N 0

= 0 o -@w+p o ©9
0 0 ¥ 0

This matrix tells us how small perturbations around the
endemic equilibrium behave.

Here, Ais the incidence term, meaning the rate at which
susceptible people become infected. Because the incidence
includes memory, A does not depend only on the current value
of I(t), but also on past infected values.

So,
dsA*
means the sensitivity of the incidence term to changes in S,

evaluated at the endemic equilibrium.

Similarly,
a]A*
means the sensitivity of the memory-based incidence term

to changes in /, also evaluated at the endemic equilibrium.

Because the incidence has memory, d;A"is not just an
ordinary constant. It is a Fréchet derivative, meaning it
measures how the whole memory function changes when the
infection history I(t) is perturbed.

For example, if the incidence has a form like

Mo =50 | Ky @I 1) dr,
0
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then a small perturbation in /produces a convolution term:

[ee]

SN (t) = [)’S*f Ky (7)81(t — 1) dt.

0

In the Laplace domain, convolution becomes multiplication.
Therefore,

;A"
contributes as,
BS™Ky(s)
to the infection block (Eq. 6.10):

O'aIA*
s®+u+y

"+ u+7) (S“+a+65A*— (6.10)

)-o

with  OgA* = B(Kg *i*)(0) and 9;,A" = Bs*Ky(s).
Substituting the steady-state identities simplifies the block to
the fractional polynomial (Eq. 6.11):

W)= (s+u+y)(s*+u+o)—ofs*Ky(s) (6.11)

_ (uta)(p+y)

- oMy
M@ - i). For R, > 1, ¥(0) < 0, while W(s) > 400
Mg Ro

as s = oo, The same monotonicity and complete-monotonicity
arguments used at the DFE now show that all roots satisfy |
arg(s) I> %, hence the EE is locally asymptotically stable

Since s* in the general case, we have W(0) =

whenever it exists.
6.4. Remarks on Global Dynamics Near The EE

Global stability of endemic equilibria for nonlinear
fractional systems with memory incidence is delicate and
typically requires additional structure (cooperativity and strong
monotonicity) or a common fractional Lyapunov functional. In
the present setting, the system is cooperative, the feasible set ()
is positively invariant, and the incidence is Lipschitz on ).
Under these conditions, standard monotone-systems arguments
imply that trajectories with 1(0) > 0 cannot converge to the
DFE when Ry > 1; combined with local stability and
compactness, this yields attraction to the EE for a large basin of
initial data. A full global Lyapunov proof can be constructed by
adapting Volterra-type functionals with Mittag—Leftler weights,
but we do not overstate this here; instead, we record that
numerical and qualitative analyses are consistent with global
convergence to the EE when Ry > 1.

6.5. Stability Under Hybrid Switching of B(t)

The switching formulation follows standard concepts from
switched and hybrid systems theory, including average dwell-
time stability, multiple Lyapunov functions, and regime-
dependent stability analysis [30, 31]. The added references
should support average dwell-time and switched/hybrid
stability theory. Hespanha and Morse are widely cited for
average dwell-time stability, Liberzon provides a foundational
monograph on switching systems, Sun and Ge provide a
detailed stability theory text, and Branicky is foundational for

12

multiple Lyapunov functions in switched/hybrid systems. For
average dwell-time stability, the number of switches
N, (ty,t) over any interval [ty t]is assumed to satisfy
(Eq. 6.12):

N, (to,t) < Ny + t;ﬁ,

(6.12)
where N, = Ois a chatter bound and 7, > Ois the average
dwell time. This assumption allows occasional switching while
excluding excessively rapid intervention changes that would
invalidate regime-wise stability interpretation (Eq. 6.13):

Di(s) = (s*+u+y)(s* +p+0) — 0Ky (s),
j=1..,m, (6.13)

and corresponding regime reproduction numbers Ry (j) =
of ]M K

(uta)(u+y)’
for all jswitching generally improves robustness; however, a
rigorous uniform asymptotic stability result requires explicit
construction of a common fractional Lyapunov function or
suitable bounds on inter-mode transitions. Therefore, the
present discussion interprets regime-wise stability through
established switched-system criteria rather than claiming a
complete common Lyapunov proof. If some regimes are

If every regime is individually stable, i.e., R(()j ) <1

unstable (R(()j ) > 1), suppression may still be possible when

switching limits the cumulative influence of unstable intervals.
Such behaviour can be analysed using average dwell-time
concepts; however, deriving explicit thresholds requires
additional spectral and Lyapunov constructions beyond the
scope of the present study. For periodic switching, a Floquet-
type multiplier provides a useful qualitative interpretation of
repeated regime transitions. A complete Floquet stability
characterization for the proposed fractional-memory system
requires additional analysis and is not pursued here. These
conditions formalize the intuition that brief relaxations can be
offset by longer stringent phases, and that fractional memory
slows both amplification and decay, tightening admissible
dwell-time budgets relative to the integer-order case.

7. SENSITIVITY AND QUALITATIVE ANALYSIS

7.1. Elasticity of Ry with Respect to Model Parameters

For a fixed regime with constant S, the general expression
(Eq. 7.1):

Ry = —Z8MK 1
07 (uto)(uty) .
admits closed-form elasticities. Writing &,: = aal;};" yields
o H
= 1, = 1’ = — = )
“ Em fo u+to u+to
14 H u
g =——, g == -
nw+y p+o p+y
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Two immediate conclusions follow. First, § and My are
symmetry multipliers: a x% increase in either produces an
identical x% increase in R,. Second, in a closed population

(u = 0) one has R, = B%, so0 &; = 0 and g, = —1; the latent

rate o shifts the generation timing but not the threshold, whereas
y changes R, in exact inverse proportion.

These formulas in quantify where control effort is most
effective. In closed settings, reducing [ (contacts) or the
memory mass My (effective cumulative infectiousness) or
increasing y (faster removal) yields the strongest leverage.
When u > 0, o gains a small, positive leverage that vanishes as
u = 0. (Table 1).

Table 1. Elasticities of R, (general vs. closed case).

Parameter General Elasticity £, Closed Case (u = 0)
B 1 1
My 1 1
o a 0
u+o
Y

- -1

Y Wty
p KB 0

p+o u+y

7.2. Interpreting Elasticities at Representative Values

To give a numerical scale, consider u = 0.01, ¢ = 0.20,
y = 0.10. The elasticities become,

0.01 0.10
&g = m = 00476, €y = —m =~ —09091,
_ 001 001
= 7021 011 ’

with &g = €y, = 1. Thus, a 10% increase in § or My raises
R, by 10%, whereas a 10% increase in y lowers R, by about
9.1%. The latent rate ¢ exerts a comparatively small effect
unless natural attrition u is appreciable.

7.3. Memory Kernels: Mass, and Transient

Fingerprints

Spectra,

Memory kernels with comparable total mass may still
generate different epidemic trajectories because their Laplace-
domain profiles weight historical infectiousness differently
across time scales. Exponential kernels emphasize recent
infections, tempered power-law kernels allow intermediate
persistence, and Mittag—Leffler kernels generate slower
relaxation patterns. Therefore, kernel selection affects not only
the scale of cumulative exposure but also the shape of
observable incidence curves, including peak width, tail
persistence, and post-intervention decay.

The tempered power-law family offers a tunable bridge:
decreasing the tempering A increases My and strengthens

13

memory, inflating R, and stretching transients. Exponential and
Mittag—Leffler kernels share unit mass in these
parameterizations, so they produce the same threshold but
distinct temporal envelopes through different
Ky(p) (Table 2).

7.4. Role of the Fractional Order a in Transients and Peaks

The order a does not enter R, but controls how quickly
perturbations grow or decay through the transformation s — s¢
in the characteristic equation. For R, > 1, the early phase
follows a Mittag—Leffler growth law E, ; (At%), which implies
slower-than-exponential amplification for a < 1. This
moderates apparent doubling rates relative to integer-order fits.
For Ry <1, decay toward the DFE is also Mittag—Leffler,
producing long algebraic-like tails that are frequently observed
under strong yet imperfect interventions. In both regimes,
decreasing « delays the time-to-peak ty,¢q) and reduces the peak
magnitude I, for fixed (B, Mg, a,y), while extending the
duration over which the incidence remains non-negligible.

7.5. Qualitative Sensitivity of Observable Features

It is often useful to summarize how parameters influence
observables such as peak timing, peak height, and tail behavior.
The Table 3 organizes these qualitative effects under the closed
case (4 = 0), holding other parameters fixed.

Two caveats are important. First, changes in § and My are
indistinguishable at the threshold level but separable in
transients because Ky shapes temporal filtering. Second, the
effect of « is orthogonal to R,: one can keep the threshold fixed
while re-sculpting temporal envelopes by adjusting a or the
kernel family.

7.6. Comparison with Classical SEIR and Fractional SEIR
Models

The proposed hybrid fractional-order memory-dependent
SEIR model extends the classical SEIR structure by introducing
two additional mechanisms: fractional-order system memory
and explicit transmission memory through the convolution
kernel. In the classical normalized SEIR model without
demographic turnover, the basic reproduction number is

commonly expressed as Ry = g, where [ represents the

transmission rate and yrepresents the recovery rate. This
classical formulation assumes that infection pressure depends
only on the current number of infectious individuals and does
not include any explicit contribution from historical exposure or

cumulative transmission effects. By contrast, the proposed

K

model yields Ry = ﬂ%in the closed-population case, showing

that the epidemic threshold is scaled by the memory-kernel
mass M. Therefore, the classical SEIR model is recovered as a
special case when My = land a = 1, meaning that the memory
kernel is normalized and the system reduces to an integer-order
formulation.

Compared with a standard fractional SEIR model, the
proposed framework provides a clearer separation between the
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two types of memory effects. In conventional fractional SEIR
models, the fractional order @ modifies the temporal evolution
of the compartments and changes the rate of epidemic growth,
decay, and convergence. However, such models do not always
distinguish between memory that affects the system dynamics
and memory that directly modifies transmission pressure. In the
present model, the fractional order a governs transient
behavior, including delayed peaks, slower relaxation, and long-
tailed decay, while the kernel mass Mydirectly modifies the
reproduction threshold. This distinction is important because it
shows that threshold dynamics and transient dynamics are
controlled by different mathematical quantities. As a result, the
model provides more interpretable information for epidemic
analysis than models in which all memory effects are
represented only through the fractional derivative.

For validation and calibration, the proposed model can be
compared against both the classical SEIR model and a fractional
SEIR model without explicit memory-dependent incidence. In
an empirical application, all three models may be fitted to the
same incidence time series using identical initial conditions and
comparable  parameter estimation procedures. Their
performance can then be evaluated using statistical and
epidemiological accuracy measures such as root mean square
error, Akaike information criterion (AIC), Bayesian
information criterion, peak-time error, peak-infection error, and
tail-persistence error. The classical SEIR model would serve as
the baseline; the fractional SEIR model would test the effect of

system-level memory through a, the proposed hybrid fractional
memory model would test whether the additional kernel-based
transmission memory improves the representation of delayed
peaks, prolonged persistence, and intervention-driven regime
changes. This comparison would provide a practical validation
route and would help determine whether the additional
mathematical complexity of the proposed framework is justified
by improved explanatory or predictive performance.

7.7. Hybrid Switching Sensitivities to Regime Composition
and Dwell Times

When B(t) switches among regimes {,Bj} with regime-wise
thresholds R(()j) = ﬁj% in the closed case, sensitivity must

consider both composition and duration. If all R(()j ) < 1, stability
is robust to switching and qualitative transients are dominated
by the “least stable” regime, typically the one with R(()] ) closest

to one and the slowest decay sector. If some R(()] ) > 1, the net
outcome depends on time allocation: increasing the dwell time
in subcritical regimes has a stabilising effect; increasing the
dwell time in supercritical regimes has the opposite effect.
Because fractional dynamics slow both growth and decay, the
same fraction of time spent above or below the threshold
produces larger cumulative effects than in the integer-order
case. Practically, this implies that subcritical phases must be
somewhat longer than their supercritical counterparts to
compensate for memory and achieve net suppression.

Table 2. Representative kernel families, masses, and qualitative transient effects.

Kernel Family K Ky(p) My = K4(0) Qualitative Transient Effect
A
Exponential 1e~%* m 1 Short memory; faster peaks and faster post-peak decay.
e~Asg0 0-1 0-1 Intermediate memory; broadened peaks and longer tails as
Tempered power law a8 0<6<1) P+ A 011orlo.
Mittag_Leffler 1s%1E,, ,(—~45%) A . FO-consistent memory; sub—ex'p.onential rise and Mittag—
’ p*+ A Leffler tailing.

Table 3. Directional sensitivities of key observables (closed case).

frequency gain) Ry

Parameter change Ry Peak timing ., | Peak magnitude Ip,q, Tail behavior
Increase 8 1 linear | (earlier) 1 Shorter if @ unchanged; amplitude larger
Increase Mg 1 linear | (earlier) 1 Longer cumulative effect; tail area 1
Increase y | inverse 1 (later) l Faster clearance; tail amplitude |
Decrease a — 1 (later) l Slower, Mittag—Leffler decay; heavy tail
Move to a heavier kernel (larger low- via My, and K 1 (later) for fixed | for fixed R, Longer tail even when R < 1




Majestic American Journal of Mathematics and Physics (MAJMP), 2026, Vol. 1

Rajchakit and Malik

A heuristic, yet informative, summary is that the time-
weighted log-average of regime reproduction numbers should
be negative after accounting for the fractional sector margin.
This is consistent with the periodic-product or average dwell-
time criteria in the stability analysis and aligns with the
observation that interventions that alternate between strict and
relaxed phases are effective when the strict phases are
sufficiently long and frequent.

7.8. An Illustrative Scenario Without Full Numeric

To link the formulas to magnitudes, consider again y =
0.01, 0 = 0.20, y = 0.10 and let SMy be tuned so that Ry =
1.2. A 10% reduction in S lowers R, by 10% to 1.08, still
supercritical; combining a 10% reduction in § with a 10%
increase in y multiplies impacts, giving Ry = 1.08 X 0.909 =
0.98, which is subcritical. Alternatively, holding  and y fixed
while tempering a kernel so that My, decreases by 15% achieves
Ry = 1.2 X 0.85 = 1.02; a modest additional reduction in 8 by
4% completes the push below one. These back-of-the-envelope
calculations illustrate how control lever combinations can be
balanced, and they highlight the practical role of memory
shaping through M.

7.9. Takeaways for Design and Interpretation

The sensitivity analysis indicates that the strongest
intervention leverage is obtained by reducing contact intensity,
reducing cumulative exposure persistence, or increasing
removal through recovery, isolation, or treatment. For empirical
calibration, these threshold-related parameters should be
estimated together with trajectory-level quantities such as peak
timing, decay rate, and tail duration. This distinction is useful
because two parameter sets may generate similar reproduction
thresholds while producing different observable epidemic
curves.

8. DISCUSSION

This study extends the classical SEIR framework by
combining fractional-order compartmental dynamics, memory-
dependent incidence, and intervention-driven switching within
a single analytical structure. In this framework, the two memory
mechanisms have distinct mathematical roles. The Caputo
fractional derivative introduces memory into state evolution
because the current rate of change depends on the historical
trajectory of epidemiological compartments. Conversely, the
convolution kernel introduces memory into transmission
pressure by weighting past infectious individuals and
determining their contribution to current infection generation.
Therefore, fractional order primarily controls temporal inertia
and relaxation behaviour, whereas kernel properties regulate
cumulative transmission influence and threshold modification.
The resulting formulation provides a systematic way to examine
epidemics in which historical infectiousness, delayed exposure,
environmental persistence, or intervention timing shape disease
spread. The main theoretical contribution is the explicit
threshold formulation obtained from the memory-incidence
structure, together with stability and sensitivity results that
clarify how cumulative exposure, recovery, and regime
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switching influence epidemic outcomes. Rather than replacing
classical SEIR models, the proposed framework generalizes
them for settings where instantaneous-incidence assumptions
are insufficient [32, 33].

Epidemiologically, the kernel mass Mg =
fooo Ky (s) ds represents the cumulative contribution of past

infectiousness to current transmission pressure. A larger
Mpyindicates that historical infections continue to influence
present transmission for a longer period or with greater
intensity. In diseases with short infectious windows and limited
environmental persistence, such as many seasonal respiratory
infections, Mxmay be close to one under normalized kernels. In
contrast, diseases involving long latency, environmental
survival, repeated exposure, or prolonged infectiousness may be
associated with larger effective memory mass. Examples
include tuberculosis, where latent infection and delayed
progression are epidemiologically important, and COVID-19,
where delayed reporting, presymptomatic transmission, and
prolonged post-peak persistence complicate instantaneous-
incidence assumptions. In empirical applications, My could be
estimated by fitting candidate kernels to incidence time series
using least squares, maximum likelihood, Bayesian inference,
or profile likelihood, with the selected kernel mass interpreted
as an aggregate measure of cumulative transmission memory.

From an epidemiological perspective, the framework yields
actionable insights for intervention design. In environments
characterized by large kernel mass representing strong
cumulative memory of past infections, standard control
strategies such as reducing the transmission rate for increasing
the recovery rate ymust be implemented more aggressively to
counteract the amplified risk embodied in My. Moreover,
heavy-tailed kernels, which retain substantial low-frequency
weight, produce prolonged epidemic tails even when Ry < 1.
This phenomenon offers a plausible theoretical explanation for
the persistence of low-level infection observed in diseases such
as COVID-19. In such contexts, interventions aimed at reducing
environmental persistence or cumulative exposure may be as
critical as direct reductions in contact intensity.

The hybrid switching structure introduces further practical
implications. Real-world epidemic control rarely operates under
uniform conditions; instead, public health responses alternate
between phases of stringent intervention and partial relaxation
[34]. The analysis demonstrates that while temporary
supercritical regimes (R, > 1) may be tolerated, global stability
of the disease-free equilibrium requires that subcritical regimes
dominate in duration and frequency. Fractional dynamics
intensify this requirement: when a < 1, the slower growth and
decay inherent in memory-driven systems prolong recovery
times, thereby increasing the length of subcritical phases needed
to offset supercritical intervals. This theoretical result is
consistent with empirical observations from the COVID-19
pandemic, where intermittent lockdown strategies proved
effective only when restrictive phases were sufficiently long
relative to relaxation periods [35, 36].
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Beyond epidemiological applications, the proposed
framework contributes to the broader theory of fractional
dynamical systems. The establishment of positivity and
boundedness, the proof of existence and uniqueness via fixed-
point theory, and the explicit characterization of equilibrium
points collectively demonstrate the mathematical robustness of
the model. Sensitivity and elasticity analyses further reveal that
the transmission rate fand kernel mass My act as linear
amplifiers of epidemic intensity, the recovery rate yprovides
inverse leverage, and the fractional order ashapes transient
responses. Together, these properties form a coherent
theoretical structure in which memory is not an auxiliary
feature, but a fundamental determinant of system behavior.

The analytical stability results should be interpreted within
the assumptions adopted in this study. In particular, extending
the results to arbitrary memory kernels, unrestricted switching
patterns, or fully general spectral conditions would require
additional Lyapunov and spectral analyses. Despite these
strengths, several limitations warrant acknowledgment. The
assumption of a constant population excludes demographic
processes such as births, non-disease-related deaths, and
migration, which may be essential for modeling long-term
endemic dynamics. The analysis is purely deterministic and
does not account for stochastic fluctuations that can dominate
early outbreak phases or small populations. Furthermore,
although the hybrid structure captures regime switching, the
switching is modeled as piecewise-constant, whereas real-world
interventions often evolve gradually or exhibit nonlinear
responses. These limitations highlight directions for future
research and underscore that the present framework should be
regarded as a rigorous theoretical baseline rather than an
immediately predictive epidemiological tool.

CONCLUSION AND FUTURE WORK

This study developed and analyzed a hybrid fractional-order
SEIR model with memory-dependent incidence, integrating
Caputo fractional derivatives, admissible memory kernels, and
regime-switching transmission dynamics. The proposed
framework captures both the history-dependence inherent in
infection processes and the structural discontinuities induced by
public-health interventions. Rigorous mathematical analysis
established positivity, boundedness, and the existence and
uniqueness of solutions. An explicit expression for the basic
reproduction number was derived, revealing its dependence on
the kernel mass Myand independence from the fractional order
a. Stability analysis showed that the disease-free equilibrium
satisfies sufficient convergence conditions when Ry <1,
whereas an endemic equilibrium may emerge and is locally
stable under the corresponding admissibility conditions when
Ry > 1. Sensitivity and elasticity analyses further clarified
parameter roles, demonstrating the linear amplification effects
of Band My, the inverse leverage of the recovery rate y, and the
transient-shaping influence of a.

The study produced four main analytical outcomes. First, the
proposed model preserves biological feasibility under non-
negative initial conditions and admissible kernel assumptions.
Second, the reproduction threshold was derived explicitly from
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the linearized infection subsystem. Third, the stability analysis
established disease-free and endemic equilibrium conditions
under fractional-sector and kernel admissibility assumptions.
Fourth, the hybrid switching formulation showed how
intervention regimes can be evaluated using regime-specific
thresholds and dwell-time restrictions. Together, these results
provide a rigorous baseline for analysing memory-dependent
epidemic transmission under changing intervention conditions.

The main advantage of the proposed algorithm is its ability
to represent both cumulative transmission memory and abrupt
intervention changes within a single mathematical structure.
Compared with classical SEIR models, it provides a richer
description of delayed peaks, prolonged epidemic tails, and
persistence under memory-driven transmission. Compared with
fractional SEIR models without explicit kernels, it offers a
clearer epidemiological interpretation of transmission memory
through M. However, the approach also has limitations. Direct
numerical implementation is computationally more expensive
than classical models because fractional derivatives and
convolution terms require historical state information. The
model also requires careful kernel selection and empirical
calibration before it can be used for disease-specific forecasting.
In addition, the switching signal is simplified as piecewise
constant, whereas real interventions may change gradually or
depend on behavioral feedback.

Future work should therefore focus on empirical calibration
using real incidence data, comparison with classical and
fractional SEIR baselines, accelerated numerical schemes for
heavy-tailed kernels, and stochastic or network-based
extensions. These developments would improve the practical
applicability of the proposed framework while preserving its
analytical value.
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  ℒ  { (   K  𝜗 ​ ∗ I ) ( t ) }    ( s ) =     K  𝜗 ^  ( s ) ∙   I ^  ( s ) .


    D  t  𝛼 x  ( t ) = A x  ( t )


  𝛼 ∈  ( 0 , 1 ]


  𝜆


  A


   |  arg ⁡   ( 𝜆 ) | >   𝛼 𝜋 2 ​ .


  𝛼


  S  ( t )


  E  ( t )


  I  ( t )


  R  ( t )


  t


  t


    K  𝜗


  𝛼


    K  𝜗  


    M  K  


    M  K


  𝛼


  𝛽 S  ( t ) I  ( t )


  𝛽


    K  𝜗


  t


  Λ  ( t ) = 𝛽 N S  ( t )   ∫  𝟎  𝒕    K  𝜗 ​  ( t − 𝜏 ) I  ( 𝜏 ) d 𝜏 ,


  N


    K  𝜗


    M  K


  𝜎


  q  ( t )


  𝜎


  j  


    𝛽  j


  𝛽  ( t ) =   𝛽  q ( t )


  j


    R 0   ( j )


  q  ( t )


  q  ( t ) :  [ 0 , ∞ ) → 𝒥 =  { 1 , 2 , … , m }


  q  ( t ) = j  


  j


    𝛽  j > 0


  𝛽  ( t ) =   𝛽  q ( t )


  𝜎 > 0


  q  ( t ) = j


    R 0   ( j )


    𝛽  j


  𝛽  ( t )


  𝛽


    D  t  𝛼 S  ( t ) = − Λ  ( t ) ,


    D  t  𝜶 E  ( t ) = Λ  ( t ) − 𝜎 E  ( t ) ,


    D  t  𝜶 I  ( t ) = 𝜎 E  ( t ) − γ I  ( t ) ,


    D  t  𝜶 R  ( t ) = γ I  ( t ) ,


  𝜎


  𝛾


  Λ  ( t )


  𝛽  ( t )  


  S  ( t ) + E  ( t ) + I  ( t ) + R  ( t ) = N


    K  𝜗


    M  K


    K  𝜗


    ∫ 0  t    K  𝜗 ​ ( t − 𝜏 ) I ( 𝜏 ) d 𝜏


  I  ( t )


    M  K


  n


  m


  d = 4  


  O  ( d   n 2 )


   (   K  𝜗 ∗ I ) ( t )  


  O  (   n 2 )  


  O  ( n )  


  q  ( t )  


  O  ( n )


  O  (   n 2 + m n )


  m ≪ n


  O  (   n 2 )


  O  ( d n + n )


  O  ( n )


  O  (   n 2 )


  O  ( n )


  O  ( n  log ⁡  n )  


  S  ( 0 ) ≥ 0


  E  ( 0 ) ≥ 0


  I  ( 0 ) ≥ 0


  R  ( 0 ) ≥ 0


   ℝ 4


  S  ( t )


    D  t  𝜶 S  ( t ) = − Λ  ( t ) ≤ 0 ,


  S  ( t )


  E  ( t )


    D  t  𝜶 E  ( t ) = Λ  ( t ) − 𝜎 E  ( t ) ,


  Λ  ( t ) ≥ 0  


  E  ( t ) = 0


  N  ( t ) = S  ( t ) + E  ( t ) + I  ( t ) + R  ( t )


    D  t  𝜶 N  ( t ) =   D  t  𝜶 ​ S  ( t ) +   D  t  𝜶 ​ E  ( t ) +   D  t  𝜶 ​ I  ( t ) +   D  t  𝜶 ​ R  ( t ) = 0 .


  N  ( t )


  N  ( 0 )


  Ω =  {  ( S , E , I , R ) ∈  ℝ + 4 ​ : S + E + I + R = N  ( 0 ) }


    X  T = C  (  [ 0 , T ] , Ω )


   [ 0 ,  T ]


  Ω  


      ∥ x  ∥ ∞ =   sup ⁡  t ∈ [ 0 , T ] ∥ x ( t ) ∥  


      ( 𝒯 x ) ( t ) =   x 0 +  1  Γ ( 𝛼 )   ∫ 0  t  ( t − s  )  𝛼 − 1 F ( s , x ( s ) )   d s    ( 4 . 6 ) 


  F


  𝒯


  F


  Ω


  k ∗ I


      ∥ k ∗ (   I 1 −   I 2 )  ∥ ∞ ≤   M  k ∥   I 1 −   I 2  ∥ ∞                   (4.7)


    M  k =   ∫ 0 ∞  k ( s )   d s


  Ω


    L Ω > 0  


  Ω


  x , y ∈   X  T


  ∥ 𝒯 x − 𝒯 y  ∥ ∞ ≤     L Ω  Γ ( 𝛼 )   sup ⁡  t ∈ [ 0 , T ]   ∫ 0  t  ( t − s  )  𝛼 − 1 ∥ x  ( s ) − y  ( s ) ∥   d s


      ∥ 𝒯 x − 𝒯 y  ∥ ∞ ≤     L Ω   T  𝛼  Γ ( 𝛼 + 1 ) ∥ x − y  ∥ ∞                 (4.8)


  q =     L Ω   T  𝛼  Γ ( 𝛼 + 1 )


  𝒯  


      q < 1 ,   or equivalently  T <    (   Γ ( 𝛼 + 1 )    L Ω )  1 / 𝛼        (4.9)


  Ω


    E 0 ​ =  (   S ∗ ,   E ∗ ,   I ∗ ,   R ∗ ) =  ( N ,   0 ,   0 ,   0 )


  Λ  ( t )


    R 0


    R 0 < 1


    R 0 > 1


    E ∗


       Λ ∗ = 𝜎   E ∗ ,       𝜎   E ∗ = 𝛾   I ∗ ,         I ∗ > 0                           (4.11)


    M  k


    R 0 > 1


    R 0 ≤ 1


    𝑹  𝟎


    R 0


  S  ( t ) , E  ( t ) , I  ( t ) , R  ( t )


  Λ  ( t ) = 𝛽 S  ( t )   ∫ 0  t    K  𝜗 ​  ( t − 𝜏 ) I  ( 𝜏 ) d 𝜏 ,


    K  𝜗


    M  K =   ∫ 0 ∞    K  𝜗 ( s )   d s


  s =   S  N ,   e =   E  N ,   i =   I  N ,   r =   R  N


  s + e + i + r = 1


  N


  𝛽


  𝛽  ( t )


    R 0


  𝛽  ( t ) ≡ 𝛽


   ( e , i )


   (   s ∗ ,   e ∗ ,   i ∗ ,   r ∗ ) =  ( 1 , 0 , 0 , 0 )


    D  t  𝛼 e  ( t ) = 𝛽   ∫ 0  t    K  𝜗 ​ ( t − 𝜏 ) i ( 𝜏 ) d 𝜏 − ( 𝜇 + 𝜎 ) e ( t ) ,


    D  t  𝛼 i  ( t ) = 𝜎 e  ( t ) −  ( 𝜇 + 𝛾 ) i  ( t ) ,


  𝜎


  𝛾


  𝜇


  𝜇 = 0


  𝜇


  𝜇 = 0


    f ^  ( s ) = ℒ  { f  ( t ) }  ( s )


  ℒ  {   D  t  𝛼 f }  ( s ) =   s  𝛼   f ^  ( s )


      K  𝜗 ^ ​  ( s ) = ℒ  {   K  𝜗 }  ( s )


    s  𝛼   e ^  ( s ) = 𝛽     K  𝜗 ^ ​  ( s )   i ^  ( s ) −  ( 𝜇 + 𝜎 )   e ^  ( s ) ,


    s  𝛼   i ^  ( s ) = 𝜎   e ^  ( s ) −  ( 𝜇 + 𝛾 )   i ^  ( s ) . ​


    e ^  ( s )


   (   s  𝛼 + 𝜇 + 𝛾 )  (   s  𝛼 + 𝜇 + 𝜎 )   i ^  ( s ) = 𝜎 𝛽     K  𝜗 ^ ​  ( s )   i ^  ( s ) .


   (   s  𝛼 + 𝜇 + 𝛾 )  (   s  𝛼 + 𝜇 + 𝜎 ) = 𝜎 𝛽     K  𝜗 ^ ​  ( s ) .


  s


  ℜ  ( s ) > 0


  ℜ  ( s ) < 0


  s = 0


      K  𝜗 ^ ​  ( 0 ) =   ∫ 0 ∞    K  𝜗 ( s )   d s =   M  K


   ( 𝜇 + 𝛾 )  ( 𝜇 + 𝜎 ) = 𝜎 𝛽   M  K ​ .


    R 0 ​ =   𝜎 𝛽   M  K  ( 𝜇 + 𝜎 ) ( 𝜇 + 𝛾 ) ​ ​ .


    R 0 =   𝛽   M  K  𝛾


    M  K = 1


  𝛼


    M  K  


  𝛼


  E


  I


    𝜎  𝜇 + 𝜎


  I


   1  𝜇 + 𝛾


  I


  𝛽    (   K  𝜗 ∗ i )  ( t )


    ∫ 0 ∞  (   K  𝜗 ∗ i ) ( t )   d t =   M  K   ∫ 0 ∞  i ( t )   d t


    M  K


    R 0 ​ = 𝛽 ×   M  K ​ ×   𝜎  𝜇 + 𝜎 ​ ×   1 ​  𝜇 + 𝛾 ,


    R 0


  𝛽


    M  K


    𝜎  𝜇 + 𝜎


   1  𝜇 + 𝛾


  𝛼


    R 0


  𝜇 = 0


    R 0 ​ =   𝛽   M  K  𝛾 ​ ​ ,


  𝜎


   1  𝛾


  𝜎


    K  𝜗  ( s ) = 𝜆   e  − 𝜆 s


    M  K = 1


    R 0


    M  K > 1


  𝛽  ( t )


   {   𝛽  j }


    R 0  ( j ) ​ =   𝜎   𝛽  j ​   M  K  ( 𝜇 + . 𝜎 ) ( 𝜇 + 𝛾 ) ​ ​ .


    R 0  ( j ) ​ > 1


    R 0 =   𝜎 𝛽   M  K   ( 𝜇 + 𝜎 ) ( 𝜇 + 𝛾 ) ,


    R 0 ​ =   𝜎 𝛽   M  K  ​ ​  ( 𝜇 + 𝜎 )  ( 𝜇 + 𝛾 )              ( g e n e r a l   c a s e ) ,       R 0 ​ =   𝛽   M  K ​ ​  𝛾             ( c l o s e d   p o p u l a t i o n ,   𝜇 = 0 ) .


  𝛽   M  K


  𝜎


  𝜇 > 0


  𝛼


    M  K


    𝑹  𝟎 ≤ 𝟏


    𝑹  𝟎 > 𝟏


  𝜷  ( 𝒕 )


   ( e , i )


  s  ( t ) ≈ 1


    D  t  𝛼 e  ( t ) = 𝛽   ∫ 0  t    K  𝜗 ​ ( t − 𝜏 ) i ( 𝜏 ) d 𝜏 − ( 𝜇 + 𝜎 ) e ( t ) ,


    D  t  𝛼 i  ( t ) = 𝜎 e  ( t ) −  ( 𝜇 + 𝛾 ) i  ( t ) ,


  𝛼 ∈  ( 0 , 1 ]


    f ^  ( s ) = ℒ  { f  ( t ) }  ( s )


      K  𝜗 ^ ​  ( s ) = ℒ  {   K  𝜗 }  ( s )


    s  𝛼   e ^  ( s ) = 𝛽     K  𝜗 ^ ​  ( s )   i ^  ( s ) −  ( 𝜇 + 𝜎 )   e ^  ( s ) ,


    s  𝛼   i ^  ( s ) = 𝜎   e ^  ( s ) −  ( 𝜇 + 𝛾 )   i ^  ( s ) . ​


    e ^  ( s )


  Φ  ( s ) ≔  (   s  𝛼 + 𝜇 + 𝛾 )  (   s  𝛼 + 𝜇 + 𝜎 ) − 𝜎 𝛽     K  𝜗 ^ ​  ( s ) = 0 .


  s


  Φ  ( s ) = 0


   {  s ∈ ℂ :   ∣  a r g  ( s ) ∣  >   𝛼 𝜋 2 }


  s = 0


      K  𝜗 ^ ​  ( s ) =   M  K


   ( 𝜇 + 𝛾 )  ( 𝜇 + 𝜎 ) > 𝜎 𝛽   M  K ​ ⟺   R 0 ​ ≔   𝜎 𝛽   M  K ​ ​  ( 𝜇 + 𝜎 ) ( 𝜇 + 𝛾 ) < 1 .


   ( 𝜇 = 0 )


    R 0 =   𝛽   M  K  𝛾


    R 0


    R 0 < 1


  e  ( t ) =   E  𝛼 , 1 ​  ( −  ( 𝜇 + 𝜎 )   t  𝛼 ) e  ( 0 ) +   ∫ 0  t     ( t − 𝜏 )  𝛼 − 1   E  𝛼 , 𝛼 ​  ( −  ( 𝜇 + 𝜎 )    ( t − 𝜏 )  𝛼 ) 𝛽 (   K  𝜗 ​ ∗ i ) ( 𝜏 ) d 𝜏 ,


  i  ( t ) =   E  𝛼 , 1 ​  ( −  ( 𝜇 + 𝛾 )   t  𝛼 ) i  ( 0 ) + 𝜎   ∫ 0  t     ( t − 𝜏 )  𝛼 − 1   E  𝛼 , 𝛼 ​  ( −  ( 𝜇 + 𝜎 )    ( t − 𝜏 )  𝛼 ) e ( 𝜏 ) d 𝜏 , ​


    E  𝛼 , β


  Φ  ( s )


    R 0 < 1


    R 0 = 1


  s  ( t )


  r  ( t )


   ( 1 , 0 , 0 , 0 )


    K  𝜗


    𝒥 ∗ =  (    −   𝜕  S ​  Λ ∗  0  −   𝜕  I ​  Λ ∗  0     𝜕  S  Λ ∗  − 𝜎    𝜕  I ​  Λ ∗  0   0  𝜎  − ( 𝜇 + 𝛾 )  0   0  0  𝛾  0 )


  Λ  


  Λ  


  I  ( t )


   ∂  S  Λ ∗


  S


   ∂  I  Λ ∗


  I


   ∂  I  Λ ∗  


  I  ( t )  


  Λ  ( t ) = 𝛽 S  ( t )   ∫ 0 ∞    K  𝜗  ( 𝜏 ) I  ( t − 𝜏 )   d 𝜏 ,


  I


  𝛿  Λ  I  ( t ) = 𝛽   S ∗   ∫ 0 ∞    K  𝜗  ( 𝜏 ) 𝛿 I  ( t − 𝜏 )   d 𝜏 .


   ∂  I  Λ ∗


  𝛽   S ∗     K  𝜗 ^  ( s )


   (   s  𝛼 + 𝜇 + 𝛾 )  (   s  𝛼 + 𝜎 +   𝜕  S  Λ ∗ −   𝜎   𝜕  I  Λ ∗ ​    s  𝛼 + 𝜇 + 𝛾 ) = 0 ,


    𝜕  S  Λ ∗ = 𝛽  (   K  𝜗 ∗   i ∗ )  ( ∞ )


    𝜕  I  Λ ∗ = 𝛽   s ∗     K  𝜗 ^  ( s )


  Ψ  ( s ) ≔  (   s  𝛼 + 𝜇 + 𝛾 )  (   s  𝛼 + 𝜇 + 𝜎 ) − 𝜎 𝛽   s ∗     K  𝜗 ^  ( s )


    s ∗ =    ( 𝜇 + 𝜎 )  ( 𝜇 + 𝛾 )  𝜎 𝛽   M  K


  Ψ  ( 0 ) =    ( 𝜇 + 𝛾 )  ( 𝜇 + 𝜎 )    M  K  ( 1 −  1    R 0 )


    R 0 > 1


  Ψ  ( 0 ) < 0


  Ψ  ( s ) → + ∞


  s → ∞


  ∣  arg ⁡   ( s ) ∣ >   𝛼 𝜋 2


  Ω


  Ω


  I  ( 0 ) > 0


    R 0 > 1


    R 0 > 1


    N  𝜎  (   t 0 , t )  


   [    t 0 ,  t ]  


    N  𝜎  (   t 0 , t ) ≤   N 0 +   t −   t 0    𝜏  a ,


    N 0 ≥ 0


    𝜏  a > 0


   Φ  j ​  ( s ) =  (   s  𝛼 + 𝜇 + 𝛾 )  (   s  𝛼 + 𝜇 + 𝜎 ) − 𝜎   𝛽  j ​     K  𝜗 ^  ( s ) ,     j = 1 , … , m ,


    R 0  ( j ) =   𝜎   𝛽  j   M  K  ( 𝜇 + 𝜎 ) ( 𝜇 + 𝛾 )


    R 0   ( j ) < 1


  j


   (   R 0   ( j ) > 1 )


    𝑹  𝟎


  𝜶


  𝛽


    R 0 =   𝜎 𝛽   M  K  ( 𝜇 + 𝜎 ) ( 𝜇 + 𝛾 )


    𝜀  p : =   𝜕 l   n ⁡    R 0  𝜕 l n ⁡ p


    𝜀  𝛽 ​ = 1 ,       𝜀    M  K ​ ​ = 1 ,       𝜀  𝜎 ​ = 1 −   𝜎  𝜇 + 𝜎   =   𝜇  𝜇 + 𝜎 ​ ,       𝜀  𝛾 ​ = −   𝛾  𝜇 + 𝛾   ​ ,       𝜀  𝜇 ​ ​ = −   𝜇  𝜇 + 𝜎 ​ −   𝜇  𝜇 + 𝛾 ​ .


  𝛽


    M  K


  x %


  x %


    R 0


   ( 𝜇 = 0 )


    R 0 =   𝛽   M  K  𝛾


    𝜀  𝜎 ​ = 0


    𝜀  𝛾 ​ = − 1


  𝜎


  𝛾


    R 0


  𝛽


    M  K


  𝛾


  𝜇 > 0


  𝜎


  𝜇 → 0


    𝑹  𝟎


    𝜺  𝒑


   ( 𝝁 = 𝟎 )


  𝜷


    𝑴  𝑲


  𝝈


    𝜇  𝜇 + 𝜎


  𝜸


  −   𝛾  𝜇 + 𝛾


  𝝁


  −   𝜇  𝜇 + 𝜎 ​ −   𝜇  𝜇 + 𝛾


  𝜇 = 0 . 01


  𝜎 = 0 . 20


  𝛾 = 0 . 10


    𝜀  𝜎 =   0 . 01 ​  0 . 21 ≈ 0 . 0476 ,       𝜀  𝛾 ​ = −   0 . 10  0 . 11 ​ ≈ − 0 . 9091 ,       𝜀  𝜇 ​ ​ = −   0 . 01  0 . 21 ​ −   0 . 01 ​  0 . 11 ≈ − 0 . 1385 ,


    𝜀  𝛽 ​ =   𝜀    M  K ​ ​ = 1


  𝛽


    M  K


    R 0


  𝛾


    R 0


  𝜎


  𝜇


  𝜆


    M  K


    R 0


      K  𝜗 ^  ( p )


  𝛼


    R 0


  s ↦   s  𝛼


    R 0 > 1


    E  𝛼 , 1  ( 𝜆   t  𝛼 )


  𝛼 < 1


    R 0 < 1


  𝛼


    t  p e a k


    I  m a x


   ( 𝛽 ,   M  K , 𝜎 , 𝛾 )


   ( 𝜇 = 0 )


  𝛽


    M  K


      K  𝜗 ^


  𝛼


    R 0


  𝛼


    R 0 =   𝛽  𝛾


  𝛽  


  𝛾


    R 0 =   𝛽   M  K  𝛾


    M  K


    M  K = 1


  𝛼 = 1


  𝛼  


  𝛼  


    M  K


  𝛼


  𝛽  ( t )


   {   𝛽  j }


    R 0  ( j ) =     𝛽  j   M  K  𝛾


    R 0  ( j ) < 1


    R 0  ( j )


    R 0  ( j ) > 1


    𝑲  𝝑


      𝑲  𝝑 ^  ( 𝒑 )


    𝑴  𝑲 =     𝑲  𝝑 ^  ( 𝟎 )


  𝝀   𝒆  − 𝝀 𝒔


    𝜆  p + 𝜆


      𝒆  − 𝝀 𝒔   𝒔  − 𝜽  𝜞 ( 𝟏 − 𝜽 )    ( 𝟎 < 𝜽 < 𝟏 )


     ( p + 𝜆 )  𝜃 − 1


    𝜆  𝜃 − 1


  𝜃 ↑ 1


  𝜆 ↓ 0


  𝝀   𝒔  𝜶 − 𝟏   𝑬  𝜶 , 𝜶  ( − 𝝀   𝒔  𝜶 )


    𝜆    p  𝛼 + 𝜆


    𝑹  𝟎


    𝒕  𝒑 𝒆 𝒂 𝒌


    𝑰  𝒎 𝒂 𝒙


  𝜷


  𝛼


    𝑴  𝑲


  𝜸


  𝜶


    M  K


    K ^


    R 0


    R 0


    R 0 < 1


  𝜇 = 0 . 01


  𝜎 = 0 . 20


  𝛾 = 0 . 10


  𝛽   M  K


    R 0 = 1 . 2


  𝛽


    R 0


  𝛽


  𝛾


    R 0 ≈ 1 . 08 × 0 . 909 ≈ 0 . 98


  𝛽


  𝛾


    M  K


    R 0 = 1 . 2 × 0 . 85 = 1 . 02


  𝛽


    M  K


    M  K =   ∫ 0 ∞    K  𝜗  ( s )   d s  


    M  K


    M  K


    M  K  


  𝛽


  𝛾


    M  K


    R 0 < 1


    R 0 > 1


  𝛼 < 1


  𝛽


    M  K


  𝛾


  𝛼


    M  K


  𝛼


    R 0 ≤ 1


    R 0 > 1


  𝛽


    M  K


  𝛾


  𝛼


    M  K

